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Abstract
In the present paper we continue our study of non-commutative
operator graphs in infinite-dimensional spaces. We consider examples
of the non-commutative operator graphs generated by resolutions of
identity corresponding to the Heisenberg-Weyl group of operators act-
ing on the Fock space over one-particle state space. The problem of
quantum error correction for such graphs is discussed.
keywords: non-commutative operator graphs, covariant resolution of iden-
tity, symmetric Fock space, quantum anticliques.
1 Introduction
Let H and B(H) be a Hilbert space and the space of all bounded linear op-
erators on H respectively. A non-commutative operator graph is a subspace
∗gramos@mi-ras.ru
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V ⊂ B(H) containing the identity operator and closed under operator con-
jugation. These objects appear in the theory of quantum error correction.
In [1–3] was established the theory of error-correcting codes for a quantum
noise. The existence of a code for the channel determines the ability of
transmitting quantum information perfectly. Each quantum channel set the
unique non-commutative operator graph V such that the subspace S ⊂ H is
a quantum error-correcting code for the channel iff the orthogonal projection
PS on S satisfies the equality PSVPS = CPS. The projection PS is called a
quantum anticlique. In this setting the non-commutative operator graph is
a quantum analogue of the confusability graph for a classical communication
channel [4].
Since [5] a series of papers devoted to the study of operator graphs linearly
generated by covariant resolutions of identity was published. For such graphs
the sufficient condition to have a quantum anticlique was obtained [6]. In
the finite-dimensional case some examples for various groups were presented
[6–8]. As a development of these results we constructed the non-commutative
operator graph in infinite-dimensional Hilbert space corresponding to the
dynamics of the coupled quantum oscillator. The maximal anticlique was
found for this model [9].
The theory of coherent states and squeezed coherent states that emerged
through pioneering work [10,11] is a very well known instrument in quantum
optics [12, 13]. We use the theory of coherent states to construct examples
of quantum anticliques for the operator graph corresponding to the coupled
quantum oscillator. The famous Glauber-Surdashan equality [10, 11] is ex-
tremely useful for our needs. It should be noted that coherent states have
some generalizations [14]. One of such generalizations could be given through
exponential vectors in the symmetric Fock space used in quantum field theory
to describe the states of a system with variable number of bosonic particles.
In section 2 we give a description of symmetric Fock space over one-
particle Hilbert space. In section 3 we derive examples of non-commutative
operator graphs in the Fock space over Hilbert space of arbitrary finite di-
mension. For such graphs we construct anticliques. The similar techniques
is used in [9].
2
2 Exponential vectors in the symmetric Fock
space
Let a† and a be the standard bosonic creation and annihilation operators.
Given α ∈ C a coherent state |α〉 is a solution to the equation
a |α〉 = α |α〉 .
Introducing the displacement operator
D(α) = exp(αa† − α∗a)
we obtain
D(α) |0〉 = |α〉
and
D(α)D(β) = e(αβ
∗−α∗β)/2D(α + β).
The famous Glauber-Sudarshan equality
1
pi
∫
C
|α〉 〈α| d2α = I (1)
can be rewritten in the form
1
pi
∫
D(α)QβD(α)
∗d2α = I, (2)
where Qβ = |β〉 〈β| is an arbitrary coherent state β ∈ C.
This techniques can be extended to any dimension. Consider the sym-
metric Fock space over one-particle separable Hilbert space H
F (H) = {CΩ} ⊕H ⊕ · · · ⊕H⊗ns ⊕ . . . ,
where H⊕
n
s is a symmetrized tensor product of n copies of H . Given f ∈ H
an exponential vector e(f) ∈ F (H) is determined by the formula
e(f) =
+∞∑
n=0
f⊗n√
n!
,
the linear envelope of exponential vectors is dense in F (H). Let us define
the annihilation and creation operators a(f), a†(g) as follows:
a(f)e(g) = (f, g)e(g), a†(f)e(g) =
d
dt
e(g + tf)|t=0.
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Then, a(f) and a(g) satisfy the canonical commutation relations
a(f)a†(g)− a†(g)a(f) = (f, g)I,
a(f)a(g)− a(g)a(f) = 0,
a†(f)a†(g)− a†(g)a†(f) = 0.
Given f ∈ H define a unitary Heisenberg–Weyl operator by the formula
W (f) = exp(a†(f)− a(f)). (3)
The set of Heisenberg–Weyl operators satisfies the condition
W (f)W (g) = e−iIm(g,f)W (f + g)
Thus, (3) determines a projective unitary representation of the Abelian group
(H,+). Since
W (f)a(g)W (f)† = a(g) + (g, f)I
we get
W (f)e(0) = e−
||f ||2
2 e(f).
Hence
W (f)e(g) = e
||g||2
2 W (f)W (g)e(0) = e
||g||2
2 e−iIm(g,f)W (f + g)e(0)
= e−
||f ||2
2
−iIm(g,f)e(f + g).
(Note that e(0) = Ω.) Suppose that we have a subset K ⊂ H considered as a
measurable space with some measure µ. Our goal is to obtain the conditions
on the orthogonal projection Q and µ under which∫
K
W (f)QW (f)∗dµ(f) = I. (4)
Equation (4) ensures us that the following subspace of B(F (H))
V = span{W (f)QW (f)∗, f ∈ K}
is an operator graph.
Consider a composite system H = H⊕K. In the case, F (H) and F (H)⊗
F (K) are unitary equivalent. The corresponding map is given by the formula
U(e(f ⊕ g)) = e(f)⊗ e(g), f, g ∈ H, g ∈ K. (5)
If H = {Cf} is one-dimensional and ||f || = 1, then given an α ∈ C the expo-
nential vector e(αf) ∈ F (H) ≡ F (C) can be identified with a unnormalized
coherent state e
|α|2
2 |α〉. In this case, the Weyl operator W (αf) should be
identified with the displacement operator D(α).
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3 Non-commutative operator graphs in the
symmetric Fock space
Let H be the n-dimensional Hilbert space with the fixed orthonormal basis
fk, 1 ≤ k ≤ n. Then, a linear operator
Un : F (H)→ F (C)⊗n
defined by the formula
Un(e(α1f1 ⊕ · · · ⊕ αnfn)) = e
1
2
n∑
j=1
|αj |2 |α1〉 ⊗ · · · ⊗ |αn〉
fulfils a unitary equivalence between F (H) and F (C)⊗
n
. Consider an arbi-
trary unitary n× n matrix
Φ = {Φjk, 1 ≤ j, k ≤ n}.
We also need the inverse unitary matrix
Φ−1 = {Φ∗kj}.
Let us define a positive linear operator QΦ : F (C)
⊗n → F (C)⊗n by the
formula
QΦ =
1
pi
2pi∫
0
dθ
+∞∫
0
rdr
n⊗
j=1
|reiθΦj,1〉 〈reiθΦj,1| .
Proposition 1. QΦ is the orthogonal projection.
Proof.
Consider a unitary operator U : F (H) → F (H) with the matrix Φ−1 in
the basis (fk). Then,
UnUU∗n
(
n⊗
j=1
|reiθΦj,1〉
)
= |reiθ〉 ⊗ |0〉⊗n−1 .
Hence,
UnUU∗nQΦUnU∗U∗n = IF (C) ⊗ |0〉 〈0|⊗
n−1
in virtue of (1). ✷
Let us take a set of indices
R = {rj ≥ 0, 1 ≤ j ≤ n},
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Θ = {2pi ≥ θj ≥ 0, 1 ≤ j ≤ n}.
and define a unitary operator DR,Θ,Φ : F (C)
⊗n → F (C)⊗n by the formula
DR,Θ,Φ =
n⊗
j=1
D
(
n∑
k=2
eiθkrkΦj,k
)
.
Theorem 1.
1
pin−1
2pi∫
0
+∞∫
0
· · ·
2pi∫
0
+∞∫
0
DR,Θ,ΦQΦDR,Θ,Φ
n∏
k=2
rkdrkdθk = I.
Proof.
Denote
gk =
n⊕
j=1
Φj,kfj , 1 ≤ k ≤ n.
Then, we have
1
pin−1
2pi∫
0
+∞∫
0
· · ·
2pi∫
0
+∞∫
0
U∗nDR,Θ,ΦQΦDR,Θ,ΦUn
n∏
k=2
rkdrkdθk
=
1
pin
2pi∫
0
+∞∫
0
· · ·
2pi∫
0
+∞∫
0
W (rne
iθngn) . . .W (r2e
iθ2g2)W (r1e
iθ1g1) |Ω〉 〈Ω|
W (r1e
iθ1g1)
∗W (r2e
iθ2g2)
∗ . . .W (rne
iθngn)
∗
n∏
k=1
rkdrkdθk ≡ Q˜.
Since (gk) are pairwise orthogonal we can define a unitary operator UΦ :
F (H)→ F (C⊗n) by the formula
UΦ(e(β1g1 ⊕ · · · ⊕ βngn)) = e
1
2
n∑
k=1
|βk|
2
|β1〉 ⊗ · · · ⊗ |βn〉 . (6)
It follows that
UΦQ˜U˜
∗
Φ =
1
pin
∫
Cn
(
n⊗
k=1
D(βk)
)
|0〉 〈0|⊗n
(
n⊗
k=1
D∗(βk)
)
n∏
k=1
d2βk = I
by means of (2).
✷
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Corollary. The closure
VΦ = span{DR,Θ,ΦQΦD∗R,Θ,Φ, Θ ∈ [0, 2pi]n−1, R ∈ [0,+∞)n−1}
is a non-commutative operator graph.
Theorem 2. Given Φ,Γ ∈ [0, 2pi]n−1 and X ∈ (0,+∞)n−1 the projection
PΦ,Γ,X determined by
PΦ,Γ,X = UΦU
∗
n
(
IF (C) ⊗ |X1eiΓ1〉 〈X1eiΓ1 | ⊗ · · · ⊗ |Xn−1eiΓn−1〉 〈Xn−1eiΓn−1 |
)
UnU
∗
Φ
is a quantum anticlique for VΦ.
Proof.
We get
UnU
∗
ΦPΦ,Γ,XDR,Θ,ΦQΦDR,Θ,ΦPΦ,Γ,XUΦU
∗
n
=
n−1∏
k=1
| 〈rk+1eiθk+1 , XkeiΓk〉 |2
IF (C) ⊗ |X1eiΓ1〉 〈X1eiΓ1 | ⊗ · · · ⊗ |Xn−1eiΓn−1〉 〈Xn−1eiΓn−1 |
= C(Φ,Γ, X,R,Θ)PΦ,Γ,X
Since UΦ and Un are unitary and F (C) is an infinite-dimensional space so the
image of PΦ,Γ,X is an infinite-dimensional subspace of F (H). Thus PΦ,Γ,X is
an anticlique. ✷
4 Conclusion
We constructed non-commutative operator graphs consisting of operators
acting on the symmetric Fock space over one-particle state spaces. For such
graphs problem of quantum error correction is studied. Quantum anticliques
(quantum error correcting codes) are obtained.
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